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Abstract. -We consider the radial déformation of an infinité cylinder rolling on a flat surface, assuming the deformed shape is constant in time. We give an appropriate (unilatéral) modelling. For low angular velocities, our problem is elliptic (with possible degeneracy on the boundary). In this case existence and uniqueness of the solution are proved. An itérative method of solution is given t and its convergence is proved. Afinite element approximation is formulated, and an errorestima te for the approximated solution is given. The paper doses with the results of se ver al numerical computations.
Resumé.
-On considère la déformation radiale d'un cylindre infiniment long roulant sur une surface plane, sous l'hypothèse d'une déformation constante dans le temps. On donne le modèle (de problème unilatéral) correspondant. Pour des vitesses angulaires faibles, le problème est elliptique (avec dégénérescence éventuelle à la frontière). On montre l'existence et l'unité de la solution de ce problème. On donne une méthode itérative pour calculer cette solution et on établit la convergence. On introduit une approximation par la méthode des éléments finis et établit une estimation de l'erreur. On conclue par plusieurs exemples numériques.

INTRODUCTION
In this paper we discuss the radial déformation of an infinité cylinder rolling on a flat surface with a constant angular velocity co. We assume that the deformed shape does not change in time.
The model we give for this problem is a unilatéral one, allowing contact between the cylinder and the flat surface in part of the external surface of the cylinder. We study the case of relatively low angular velocity, for which the System obtained is elliptic, with possible degeneracy on the boundary.
We prove existence and uniqueness of the solution for these velocities. Then we construct a numerical method for approximating this solution, and prove its convergence to the exact solution. We show the results of a few numerical experiments with this method, and estimate the error.
The problem of contact between two solid bodies was first studied by Hetz in 1881 (see référence [9] ), who gave a local analytic solution for contact between two bodies at rest. The problem of contact between a rolling cylinder and the surface on which it is rolling has been studied in the last few years, mainly from an engineering point of view -first by Kalker [7] , then by Padovan, Tovichakchaikul and Zeid [13] , and lately also by Oden and Lin [12] , who gave the problem a clearer Mathematical formulation than their precessors. In the last two références there is also a fînite element analysis of the problem. But, in all these références, there is no study of the existence and uniqueness of the solution, and the convergence of the numerical schemes was not proved.
Unilatéral elliptic problems were studied intensively in the last three decades, as a special case of variational inequalities (see, for example, [5] and [8] ). The problems usually considered have a unilatéral constraint on ail of the boundary, which is not our case. We have also added the possibility of the problem being degenerate-elliptic on the boundary.
FORMULATION OF THE PROBLEM
Let u (r, 0, / ) be the déformation of the point (r, 9 ) of the cylinder at time t in the radial direction r, as measured in a frame of référence attached to the center of a cross-section of the rolling cylinder (but not rolling with it). Neglecting ail déformations except the radial one, we get the following model problem :
where ƒ (r, 0, t ) G L 2 is the force acting on the point (r, 0 ) of the cylinder at time t.
We look for periodic solutions of (2.1), i.e. solutions which satisfy In the original variables (r, B, t ), the contact-zone is given by
In the (r, z ) variables, since we assume that the deformed shape is constant, it is sufflcient to solve for a contact-zone of the form
where z 0 , z x are independent of the time t. The boundary conditions in these variables are :
where :
T a is the internai boundary (r = a), T b j is the free external boundary, and T bc is the zone of possible contact between the cylinder and the surface. We shall call « problem (A) » the following problem :
(A) Find a function u which solves équation (2.4) in O, under the boundary conditions (2.7).
3, AN EQUIVALENT VARIATIONAL FORM
We dénote by L 2 (ü, ; r ) the space of functions v which are measurable on O and
H^iflir)
is the space of functions v such that v, -and -are in dr bz L 2 (fl ; r) and are periodic with period 2 TT. We define :
For v e V, it is easiiy verifled that
and thus the norm of v e V can be defined as 
is a solution of (A) then u is also a solution of (B). Ifu is a regular solution to (B) then it solves also problem (A).
Proof : Let <${&) be the space of indéfini tely differential functions with compact support in O. If u is a regular solution of (B), and 9 G Si (H), then u = M ± <p are in K. Taking successively v = u + 9, 1; = M -<p in (3.4) gives (3) (4) (5) (6) (7) tf(a,9) = (ƒ» and thus the équation (2.4). Multiplying (2.4) by r(u-w) and integrating over Cl (using Green's formula), leads to a(u 9 1? -« ) -r^(v-u = (f 9 v-u).
So that (B) is equivalent to (2.4) and Proof : In the scalar product notation, (3.4) becomes
Suppose there exists v Q e K such that 
ITERATIVE METHODS (CONTINUOUS CASE)
Let / : V -• IR be defined by
is equivalent to problem (B) (and hence also to (A)).
Proof : J'(u), the Gâteaux derivative of / at w, is given by 
Jr 6c
Letting v = ü -u in (5.10), v = u -ü in (5.11), and adding the two equahties gives
By (5.9), we get III ü -u III 2 =s 0. Hence ü = u.
Compare now (5.10) and (5.11). Since ü = u, we get
i.e. p = p.
LEMMA 4 : v e K iff [q, v -<( > ] === 0 /or ^very q e P.
PROPOSITION 4 : If (u,p) is a saddle point of &(v,q) in V x P then u E K, and u the unique solution of problem (C).
Proof: If (u,p) is a saddle point of J?(v,q) then by (5.7)
[p-q, u -c}>] =s= 0 for every q E P, Letting successively # = 0 and q = 2p gives We have seen that for every q e P 9 ££(u, q ) =s JSf (M, /? ) implies
Writing this in another form, we have
L
But this implies 
fl->00
Proof : The proof is similar to the proof of proposition 5.
FINITE ELEMENTS APPROXIMATION
As we have seen in § 5, for every step of the itération process, we have a minimization problem of the form ve V Or, using the notation we had in proposition 4,
We shall approximate this minimization problem by a discrete problem, which can be solved by the fïnite éléments method. Let T^ be a division of fi into four-node éléments, such that fi h = {^) T satisfies : 
where p is chosen to be « small enough » so that the itérations will converge (such a p exists as in Propositions 6 and 7).
ERROR-ESTEVf ATE
In order to estimate the error of the approximated solution from the exact one, we first have to know the regularity of the exact solution. For a convexset of the form K= {t?ei/ 1 (n)|i?^o on aa} Lions [9] has proved H 2 (tt) Pi JV i>co (fl) regularity of the solution. A similar proof can be applied to the set K= {ve V\v ^0 on T b } .
In our case, since the boundary conditions are more complicated, we cannot give a similar regularity resuit. However, for a suffîciently smooth ƒ we give an error-estimate of the approximated solution, after Brezzi, Hager and Raviart [1] .
In order to simplify the proof, we assume that fl h = fi (this is the case when the fïnite element mesh is generated using a cylindrical coordinate System -see fig. 3 
Let v h = Uj, where Uj is the piecewise linear interpolate to u on the nodes of ft/,. Let <( >ƒ be the interpolate of <(>. In T bc9 u h ^ <t>/ and p ^ 0. Hence Thus, combining (7.1), (7.4) and (7.5) we get ||M-H A || =O(h«).
NUMERICAL RESULTS
The numerical results given hère were computed with a computerprogram written by the method described above. The déformations were computed for a cylinder with an internai radius of a = 0.5 cm and an external radius of b = 1 cm. The finite element mesh used is shown in figure 3 . The contact-zone T bc is the external boundary between the points z 0 and z x in this figure. Figure 4 shows the deformed cylinder when the distance of the surface from the center is c = 0.8 cm, and no external force is applied to the cylinder, Le. ƒ = 0. The angular velocity assumed in this example is a> = 0.5 rad/s.
In figure 5 we have the radial déformation in the same conditions, except that hère the angular velocity is higher : <o = 1 rad/s. In this velocity the System has a parabolic degeneracy on the boundary. Figure 6 shows again the déformation for oo = 0.5, but this time a force of ƒ = 1, is applied to the cylinder. Figures 7 and 8 show the déformation for w = 0.5 rad/s, ƒ = 0, and c -0.85 cm and 0.75 cm respectively.
The number of itérations required is dependent on the projection coefficient, p. Numerical calculations showed that the optimal value lies between two and three. In figure 9 there is a table of the number of itérations required for the different values of p corresponding to the data in figures 4 and 5.
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